$ of r5 such that 21 has this property.
But we shall prove a much more general result, namely Theorem 1. Let 8 = <2+$ft be the Levi-Whitehead decomposition of a Lie algebra 8 over afield %, where 9Î is the radical and © is either zero or semi-simple. Then there is a Lie algebra 2l = @£+9î over an algebraic extension $ of $ whose radical 9Î contains 9Î and is the set of all x of 21 such that t(RxRy) =Q for all y of 21
The radical of a Lie algebra 8 is [2, p. 14] the set of all x of 8 such that t(RxRv) =0 for all y of 8' but the radical is not always the set of all x of 8 such that t(RxRy) =0 for every y of 8 as is the case for an associative algebra. Theorem 1 is an analogue to the associative case. It is also true that every associative algebra over r5 has a faithful representation x->QX by matrices whose elements are in g, such that the radical is the set of all x such that t(QxQy) =0 for every y. The corresponding statement for Lie algebras is not true, but we do obtain the following theorem.
Theorem 2. Every Lie algebra 8 over a field g has a faithful representation x->Qx whose matrices have elements in an algebraic extension $ of u% such that the radical 9Í of 8 is the set of all x of 2 such that t(QxQy) = 0 for every y of 8.
2. Four lemmas. In order to prove these theorems we first prove four lemmas. Throughout this section we let 8 be a Lie algebra with radical 3Î over a field 5 and let x->Sx be any representation of 8.
8 and hence [3, p. 106 x-*Qx whose matrices have elements in an algebraic extension $ of g such that t(QxQv) =0 for all x of 31 and all y of 8. We now apply another form of Cartan's criterion for solvability which states that if t(Ai)=0 for all A in a Lie algebra 21 of linear transformations, than 21 is solvable, and deduce that the ¡deal 93 of all x of 8 such that t(QxQy) =0 for every y of 8 is solvable. This proves the theorem for we now have 93 = 3Ï as above.
